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STABLY CALABI-YAU PROPERTIES OF DERIVATION QUOTIENT
ALGEBRAS
GABRIELE BOCCA
Abstract. The aim of this paper is to study bimodule stably Calabi-Yau properties of derivation
quotient algebras. We give the definition of a twisted stably Calabi-Yau algebra and show that
every twisted derivation quotient algebra A for which the associated bimodule complex gives the
beginning of a bimodule resolution for A is bimodule stably twisted Calabi-Yau. In this setting
we give a new interpretation of some results by Yu [Yu12], implying that A is almost Koszul of
periodic type. Using the characterization of higher preprojective algebras given by Amiot and
Oppermann in [AO14], we prove that finite dimensional bigraded derivation quotient algebras
with homogeneous potential and exact associated complex are higher preprojective algebras of
their degree-zero subalgebra, which is Koszul and (d − 1)-representation finite.
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Introduction
Quiver with potentials have been studied by many authors and are a useful tool in many areas
of mathematics as well as physics ([Sei95]). In connection with represenatation theory they have
played a central role in the study of Fomin and Zlevinsky cluster algebras and their categorification
([BIRS11], [DWZ08], [DWZ10]). They also give rise to Ginzburg dg-algebras [Gin06], which are
Calabi-Yau of dimension 3. The Jacobian algebra of a quiver with potential is defined as the path
algebra of the quiver modulo the ideal generated by formal partial derivatives of the potential,
that is in turn a linear combination of cycles in the quiver. This algebra coincides with the zero-
homology of the Ginzburg dg-algebra associated to the quiver with potential. There is a strong
connection between Jacobian algebras and (graded) 3-Calabi-Yau algebras. For instance it has
been proved by [Boc08] that graded 3-Calabi-Yau algebras are Jacobian algebras of some quivers
with potentials. This connection has been studied more in general in [BSW10], where the authors
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give a more theoretical construction for higher Jacobian algebras to include non-basic algebras,
calling them derivation quotient algebras. Associated to the data of a derivation quotient algebra
A there is a complex of projective bimodules:
W• := 0→ A⊗Wd ⊗A
Dd−−→ A⊗Wd−1 ⊗A
Dd−1
−−−→ · · ·
D1−−→ A⊗W0 ⊗A→ 0
This complex is not exact in general but it is always self-dual, under the bimodule duality
HomAe(−, A
e):
HomAe(A⊗Wi ⊗A,A
e) ∼= A⊗Wd−i ⊗A,
where d is the degree of the superpotential defining A. The above duality generalizes to a twisted
self-duality for twisted derivation algebras.
Exactness of the complex W• at different degrees gives precious informations about the algebra
A and its bimodule projective resolution. The following results generalizes facts already known for
selfinjective Jacobian algebras ([HI11]).
Theorem A (Theorem 1.13). Let A = Dϕ(ω, d − k) be a finite dimesional twisted derivation
algebra with |ω| = d and such that the associated complex W• satisfies H0(W•) ∼= A and it is exact
in degree one:
0→ A⊗Wd ⊗A
Dd−−→ · · ·
D2−−→ A⊗W1 ⊗A
D1−−→ A⊗W0 ⊗A→ 0.
Then A is selfinjective if and only if the complex W• is also exact at A⊗Wd−1 ⊗A.
If moreover A is Frobenius with A =
⊕p
i=0 Ap with Ap 6= 0 then KerDd
∼= ϕηA〈d + p〉 where η
is a Nakayama automorphism of A.
It is also proved in [BSW10] thatW• is a subcomplex of the Koszul complex of A and this leads
to the following result:
Theorem B ([BSW10], Theorem 6.2). An algebra A is Koszul and twisted Calabi-Yau if and only
if A is a twisted derivation quotient algebra such that W• is a bimodule projective resolution of A.
In the case of selfinjective algebras, the stably Calabi-Yau property has been introduced and
studied for example in [BS07],[Dug12] and [ES06] in the classification of finite and tame representa-
tion type algebras. In [Yu12] the author studies the connection between almost Koszul (Frobenius)
stably Calabi-Yau algebras and twisted derivation algebras with some exactness conditions on the
associated complex. In particular Yu proves that a Frobenius algebra A is (p, q)-Koszul and if and
only if it is isomorphic to a twisted derivation algebra such that the associated complex gives the
first q terms of a bimodule projective resoltion for A. Since a twist appears in this construction,
the algebra A is not automatically stably Calabi-Yau in this case, but conditions for this to be
true are also described.
The first goal of this paper is to study twisted Calabi-Yau properties for the stable category of
modules over selfinjective algebras and give an interpretation of the results from [Yu12] under this
point of view. A preliminary step in this direction is given by the following fact:
Theorem C (Theorem 1.22). Let A be a selfinjective (p, q)-Koszul algebra. Then Ap ⊗ A
!∗
q ≃
A0〈p+ q〉 as graded left A-modules. In particular A is of periodic type.
This implies that the main results of [Yu12] actually hold for Frobenius almost Koszul algebras,
since such algebras are automatically of periodic type.
Using our terminology we provide an analogue of Theorem B for Frobenius almost Koszul
algebras and, since in this case the quadratic dual algebra A! is again Frobenius, it is possible to
describe explicitly the twists in terms of the Nakayama automorphisms of A and A!.
Theorem D (Corollary 2.7). Let A be a Frobenius (p, q)-Koszul algebra or equivalently A ∼=
Dϕ(ω, q − 2) with W
• exact apart from in degrees 0 and d. Then A is twisted stably Calabi-Yau
of dimension q with respect to the twist ϕ = ξq+1β¯ up to inner automorphism, where β¯ is the
automorphism induced by the Nakayama automorphism β of A! and ξ acts as the multiplication by
(−1)m on Am.
Stably Calabi-Yau properties have also appeared in the work of Amiot and Oppermann in
connection with homological characterization of higher preperojective algebras ([AO14]). One of
the main results in [AO14] is the following:
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Theorem E ([AO14], Theorems 4.8 and 5.9). The map A 7→ Πd(A) gives a one to one corre-
spondence between (d− 1)-representation finite algebras and finite dimensional selfinjective graded
algebras Π satisfying RHomΠe(Π,Π
e)[d+ 1] ∼= Π〈1〉 in Db(Πe -gr)/ gr- perf Πe.
Note that a similar correspondence in the infinite representation type case has been shown in
[HIO14].
In general, Gorenstein algebras satisfying the condition:
(1) RHomΠe(Π,Π
e)[d+ 1] ∼= Π〈p〉
are called bimodule stably Calabi-Yau of Gorenstein parameter p and this condition implies the
classical stably Calabi-Yau property.
For d = 2, 3 one implication of the above result holds in greater generality and this has been
proved using the description of higher preprojective algebras as derivation algebras ([Kel08, The-
orem 6.12]). If A is τd−1-finite of global dimension ≤ d − 1, then its d-preprojective algebra is
bimodule stably Calabi-Yau. This results motivated the introduction of a twist in the bimodule
stably Calabi-Yau duality (1) and the following Theorem, that is the second main result of this
paper:
Theorem F (Theorem 3.13). Let A = Dϕ(ω, d − 2) be a derivation algebra with |ω| = d and
twist ϕ such that the associated complex W• is exact everywhere apart from H0(W•) ∼= A and in
position d. Suppose moreover that A is Gorenstein of dimension <
d
2
. Then A is bimodule stably
ϕ-twisted d-Calabi-Yau of Gorenstein parameter d.
As in the classical non-twisted setting, we prove that twisted bimodule stably Calabi-Yau alge-
bras are in particular twisted stably Calabi-Yau, as described in Section 2.
In the last part of the paper we focus on the relation between derivation algebras and higher pre-
projactive algebras. Recent results by Grant and Iyama ([GI19]) show a connection between higher
preoprojective algebras of Koszul d-hereditary algebras and derivation algebras. The following is
one of the main results of [GI19]:
Theorem G ([GI19], Corollary 4.3). Let Λ = kQ/(R) be a Koszul, d-hereditary algebra and let Π
be its d+ 1-preprojective algebra. Then
Π ∼=
kQ
∂pω
where Q is a quiver obtained from Q by adding some new arrows and the relations are obtained by
taking formal derivatives of a superpotential ω of degree d+ 1 with respect to paths in Q of length
d−1. If moreover Λ is d-representation finite, then Π is selfinjective and almost Koszul and simple
Π-modules have periodic projective resolutions.
Analogously to the 2-representation finite case ([HI11]), we introduce another grading on a
derivation algebra A such that the superpotential is homogeneous of degree one with respect to
this new grading. This generalizes the existence of a cut for quivers with potential. Under the usual
exactness conditions on the associated coomplex W•, we show that the degree-zero subalgebra of
A is Koszul and (d − 1)-representation finite. Moreover we show that the derivation algebra A is
isomorphic to the higher preprojective algebra of its degree-zero part, giving the following result:
Theorem H (Theorem 4.4). Let A = D(ω, d − 2) be a finite dimensional Z2-graded derivation
algebra such that |ω| = (d, 1) and such that W• is exact except in degree zero, where H0(W•) ∼= A,
and in degree d. Let Λ := (A)−,0 =
⊕
i≥0Ai,0 be the V -degree zero subalgebra of A. Then Λ is
Koszul, (d− 1)-representation finite and we have an isomorphism Πd(Λ) ∼= A of graded algebras.
The structure of the paper is the following.
In Section 1 we recall graded structures on algebras and the construction of derivation algebras
from [BSW10]. In particular we focus on the definition and properties of the complex W• that
plays a central role in our work. Then we recall classical results about selfinjective and Frobenius
(graded) algebras, explaining the connection between such properties and partial exactness of W•
in the case of derivation algebras. In the last part of Section 1 we recall the definition of Koszul
and almost Koszul algebras, with particular attention on Frobenius almost Koszul algebras.
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In Section 2 we give the definition of twisted stably Calabi-Yau (selfinjective) algebras and
establish their connection with almost Koszul algebras. This results give the analogous of [BGS96,
Theorem 6.8] in the Frobenius case.
In Section 3 we introduce a Z2-graded structure on derivation algebras and, after recalling some
facts about Cohen-Macaulay modules, we give the definition of twisted bimodule stably Calabi-Yau
algebras. Then we prove that Gorenstein derivation algebras such that the associated complex is
exact, apart from in the first and last degree, are twisted bimodule stably Calabi-Yau.
In Section 4 we recall the definition and cassical results about higher preprojective algebras
and their bigraded structure, then we prove that derivation algebras satisfying the usual partial
exactness property of the associated bimodule complex are isomorphic to higher preprojective
algebras of Koszul, higher representation finite algebras.
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1. Preliminary results
1.1. Graded algebras. Throughout the paper, we fix an algebraically closed field k . For an
algebra A we denote by mod-A (resp. A -mod) the category of finite dimensional right (resp.
left) modules over A. We denote by Ae the enveloping algebra A ⊗k A
op so that A-A-bimodules
(with central k-action) can be viewed as left Ae-modules. For a left A-module M and an algebra
automorphism α : A → A, αM denotes the left module with action twisted by α, that is a ·m =
α(a)m for any a ∈ A and m ∈M . Similarly, for a right A-module N , we denote by Nα the module
N with a right twisted action n ·a = nα(a). Note that with this notation we have αA⊗AM = αM ,
N ⊗A αA = Nα−1 and the isomorphism Mα ∼= α−1M .
A positively graded algebra is a Z-graded algebra A =
⊕
n≥0An such that A0 is semisimple and
AiAj ⊆ Ai+j . Unless stated otherwise, we will always assume that each homogeneous space An is
finite dimensional over k. If a ∈ A is an homogeneous element we denote its degree by |a|. A graded
A-module M =
⊕
n∈ZMn is an A-module such that AiMj ⊆Mi+j for any i, j ∈ Z. We denote by
M〈l〉 the degree shift of M by l, that is M〈l〉i = Mi−l. A morphism of A-modules f : M → N is
in degree j if f(Mi) ⊆ Ni+j . We write homA(M,N)
i for the space of graded morphisms in dgeree
i and we denote by A -gr, resp. gr-A, the categories of graded finite dimensional left, resp. right,
modules over A with morphisms in degree zero. Since we will consider only finite dimensional
modules, the space HomA(M,N) =
⊕
i∈Z homA(M,N)
i coincides with the space of all A-module
morphisms between M,N ∈ A -mod.
1.2. Derivation algebras. The definitions and constructions of this section are taken from Sec-
tion 2 of [BSW10].
Let S be a semisimple algebra over k and V be a finite dimensional S-S-bimodule. We denote
by TS(V ) the tensor algebra of V over S. Any tensor algebra has a non-negative graded structure
obtained by setting S in degree zero and V in degree one. There are several ways of obtaining
S-S-bimodules dual to V :
(1) V ∗ := Homk(V, k) with bimodule action (s · f · t)(v) = f(tvs);
(2) V ∗r := HomS(VS , SS) with bimodule action (s · f · t)(v) = sf(tv);
(3) V ∗l := HomS(SV, SS) with bimodule action (s · f · t)(v) = f(vs)t.
(4) V ∗b := HomSe(SeV, S
e) where we denote f ∈ V ∗b by f1 ⊗k f2, with bimodule action
(s · f · t)1(v)⊗k (s · f · t)2(v) = f1(v)t⊗k sf2(v).
As explained in [BSW10, Section 2.1], the choice of a non-degenerate trace function Tr : S → k
allows us to define natural isomorphisms between the three functors above. From now on we fix
such a trace function and we will identify these three dualities, denoting the dual of V by V ∗. For
any f ∈ V ∗ and v ∈ V there is a canonical pairing defined by evaluation:
[fv] = [vf ] = f(v).
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Denote by ⊗ the tensor product over the semisimple algebra S. The canonical pairing can be
extended to a pairing on the tensor products (V ∗)⊗k ⊗k V
⊗l → V ⊗l−k (for l ≥ k) by
[(f1 ⊗ · · · ⊗ fk)(v1 ⊗ · · · ⊗ vl)] = [f1[· · · [fkv1] · · · ]vk]vk+1 ⊗ · · · ⊗ v1
and similarly for V ⊗l⊗k (V
∗)⊗k → V ⊗l−k. If l < k we can replace V ⊗l−k with V ∗⊗k−l. Note that
these brackets satisfy associativity relations, that is:
[(f ⊗ g)v] = [f [gv]] and [[fv]g] = [f [vg]]
for any f ∈ V ∗⊗k, g ∈ V ∗⊗l and v ∈ V ⊗n, n ≥ k + l.
Definition 1.1. A potential of degree d is an homogeneous element of degree d of the tensor
algebra TS(V ) that commutes with the S action:
ω ∈ V ⊗d such that ∀s ∈ S : sω = ωs.
A superpotential is a potential such that
[fω] = (−1)d−1[ωf ],
for any f ∈ V ∗.
Let ϕ be a graded k-algebra automorphism of TS(V ) leaving the trace function invariant. A
twisted potential of degree d is a potential ω such that
∀s ∈ S : ϕ(s)ω = ωs.
A twisted potential ω is called a twisted superpotential if
[ϕ∗(f)ω] = (−1)d−1[ωf ],
for any f ∈ V ∗, where ϕ∗ is the dual automorphism of ϕ: ϕ∗(f) = f ◦ ϕ.
Given a twisted potential ω of degree d, for any k ≤ d we define maps:
∆ωk : (V
⊗k)∗ ⊗ Sϕ → V
⊗d−k
such that ∆ωk (f ⊗ s) = [fωs] = [fϕ(s)ω] and we denote by Wd−k ⊆ V
⊗d−k the image of ∆ωk .
Lemma 1.2. Let ω be a twisted potential of degree d with twist ϕ. For any k ≤ d the right S-action
on Wd−k is twisted by ϕ.
Proof. Using the properties of twisted potentials and the definition of Wd−k we can compute the
right S-action:
[fωt] · s = ∆ωk (f ⊗ t) · s = ∆
ω
k (f ⊗ t · s) = ∆
ω
k (f ⊗ tϕ(s)) = [fωtϕ(s)],
for any f ∈ (V ⊗k)∗ and any t, s ∈ S. 
Definition 1.3. Let ω be a ϕ-twisted superpotential of degree d. The derivation quotient algebra
(or simply derivation algebra) of ω is defined as follows:
Dϕ(ω, k) := TS(V )/〈Wd−k〉
for any k ≤ d.
Remark 1.4. Given a finite quiver (Q0, Q1) with set of vertices Q0 and set of arrows Q1 we define
the source and target functions s, t : Q1 → Q0 such that if i
a
−→ j is any arrow in Q1 we have s(a) = i
and t(a) = j. We write the composition of arrows from right to left so that i
b
−→ j
a
−→ k = ab. The
set of trivial paths {ei : i ∈ Q0} is a complete set of primitive idempotents of the pah algebra kQ
that is naturally a graded algebra with grading given by path length. kQ is moreover a tensor
algebra of the vector space V = kQ1, generated by the arrows, over S = kQ0. Here the tensor
grading coincides with the radical grading. Let {a ∈ Q1} be a basis for kQ1 and {a
∗ : a ∈ Q1} be
the dual basis of (kQ1)
∗. Then the brackets have the following form:
[a∗b] = δabes(b) and [ba
∗] = δabet(b).
In general, if p and q are paths in Q, the bracket [p∗q] correspond to the formal partial derivative:
∂p(q) = [p
∗q].
A potential of degree d is an element ω ∈ kQd that commutes with the kQ0 action, i.e. ω is a
linear combination of closed paths. ω is a superpotential if [a∗ω] = (−1)d−1[ωa∗].
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Let ϕ be an automorphism of the tensor algebra kQ. A twisted potential (of degree d) is a
linear combination ω of paths p ∈ kQd satisfying t(p) = ϕ(s(p)). ω is a twisted superpotential if
[ϕ(a)∗ω] = (−1)d−1[ωa∗].
Let A = Dϕ(ω, k) be a derivation algebra with a ϕ-twisted superpotential ω of degree d = k+2,
so that A is quadratic. Note that from the S-bimodules Wi we can obtain graded A-bimodules
A⊗Wi⊗A by tensoring with A over S. We can associate to A the following complexW
• of graded
projective A-bimodules:
(2) W• := 0→ A⊗Wd ⊗A
Dd−−→ A⊗Wd−1 ⊗A
Dd−1
−−−→ · · ·
D1−−→ A⊗W0 ⊗A→ 0,
with degree-zero differentials
Di(a⊗ w1 . . . wi ⊗ b) = ǫi(aw1 ⊗ w2 . . . wi ⊗ b + (−1)
ia⊗ w1 . . . wi−1 ⊗ wib),
where
ǫi :=
{
(−1)i(d−i), if i < (d+ 1)/2
1, otherwise
for each a, b ∈ A, w1, . . . , wi ∈Wi and 1 ≤ i ≤ d.
Lemma 1.5 ([BSW10], Lemma 6.4). The complex W• is a complex of graded projective A-
bimodules. Moreover W• is twisted-selfdual, i.e. there are isomorphisms (Wd−i)ϕ ∼= (Wi)
∗ in-
ducing a duality of A-bimodules HomAe -gr(A ⊗ Wi ⊗ A,A
e) ∼= A ⊗ Wd−i ⊗ Aϕ〈−d〉 such that
HomAe -gr(Di, A
e) = Dd+1−i〈−d〉.
Proof. This is the twisted version of Lemma 6.4, [BSW10, Section 6]. A more detailed proof in
the case of twisted derivation algebras can be found in [Yu12], in the proofs of Theorem 3.4 and
Theorem 3.7. 
Remark 1.6. For future reference we recall here that the duality (Wi)
∗ ∼= (Wd−i)ϕ is induced by
the following perfect pairing:
[ , ] : (Wd−i)
∗ ⊗ (Wi)
∗ → S, [f, g] := [(f ⊗ g)ω],
satisfying [f, g] = (−1)|f ||g|[g, ϕ∗(f)] where ϕ∗ is the graded authomorphism of A∗ induced by ϕ.
Applying the functor F = − ⊗A S to the complex W
• and forgetting the right S-action we
obtain the following complex of projective modules in A -gr:
(3) W• ⊗A S := 0→ A⊗Wd
Dd−−→ A⊗Wd−1
Dd−1
−−−→ · · ·
D1−−→ A⊗W0 → 0,
with differential di(a⊗w1 . . . wi) = ǫi(aw1⊗w2 . . . wi). In the same way, by applying G = S⊗A−
to (2) we get a complex of graded projective right modules S ⊗A W
•. The following lemma is
essentially [Bro12, Proposition 7.5] since the arguments of the original proof apply to derivation
algebras.
Lemma 1.7. Suppose that the two-sided complex W• (2) satisfies H0(W•) ∼= A and let n < |ω| =
d. Then the following are equivalent:
(1) W• is exact at A⊗Wj ⊗A for all 0 ≤ j ≤ n.
(2) W• ⊗A S is exact at A⊗Wj for all 0 ≤ j ≤ n.
(3) S ⊗AW
• is exact at Wj ⊗A for all 0 ≤ j ≤ n.
Proof. The equivalence between (1) and (3) in the case of quiver with potential of degree 3 is
[Bro12, Proposition 7.5] and the argument used in the proof applies in our setting. (1) ⇔ (2) is
proved in the same way. 
1.3. Frobenius algebras. For a finite dimensional algebra A denote by S(A) the set of iso-
morphism classes of simple modules and for any simple module T let P (T ) be its projective
cover and E(T ) its injective envelope. The algebra A is called selfinjective if the regular mod-
ule A ∈ A -mod is injective. The Nakayama functor of A is the functor ν : A -mod → A -mod,
ν(M) := HomA(M,A)
∗ ≃ A∗ ⊗A M . A is called Frobenius if A ≃ A
∗ as left A-modules. Equiva-
lently, if there exists a non-degenerate bilinear form (−,−) : A×A→ k satisfying (ab, c) = (a, bc)
for all a, b, c ∈ A. In this case the assigment a 7→ (a,−) gives the isomorphism of left A-modules
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A ≃ A∗. If A is Frobenius, using the non-degenrate form (−,−) we can define an automorphism of
A, η : A→ A such that for any a ∈ A, η(a) is the unique element satisfying (a,−) = (−, η(a)). The
automorphism η is unique up to inner automorphism and it induces an isomorphism of bimodules
A∗ ≃ Aη called a Nakayama authomorphism of A. If M is any left A-module and T any simple
left A-module, we have:
ν(M) = Aη ⊗A M = η−1M and ν(T ) = η−1T,
so that ν induces a permutation on S(A) called the Nakayama permutation of A. For any basic
algebra A, selfinjectivity is equivalent to requiring that the assignment S(A) → S(A), [S] 7→
[SocP (S)] is a bijection, hence giving the Nakayama permutation.
Since A∗ is injective as left A-module, any Frobenius algebra is selfinjective. The converse is
also true when we deal with basic algebras.
Theorem 1.8. Let A be a selfinjective algebra. If dimk SocP (T ) = dimk T for any T ∈ S(A) then
A is Frobenius.
Proof. This is one implication of [Far, Theorem 3]. We include the proof here for the convenience
of the reader.
The Nakayama functor induces a permutation ν : S(A) → S(A) and therefore an injection
EndA(T ) →֒ EndA(ν(T )). Iterating we get the isomorphism EndA(T ) ≃ EndA(ν(T )) for any
T ∈ S(A).
Writing A =
⊕
T∈S(A) nTP (T ) and then applying HomA(−, T ) we get the following equation:
(4) nT =
dimk T
dimk EndA(T )
=
dimk ν(T )
dimk EndA(ν(T ))
= nν(T ).
Since we also have P (T ) ≃ E(ν(T )) we get
(AA)
∗ ≃ ν(A) ≃
⊕
T∈S(A)
nTE(T ) ≃
⊕
T∈S(A)
nTP (T ) ≃ A
therefore A is Frobenius. 
Corollary 1.9. Let A be a basic algebra. Then A is Frobenius if and only if it is selfinjective.
Proof. Since A is basic we have nT = 1 for any T ∈ S(A) in the proof of Theorem 1.8. This implies
dimk T = dimk ν(T ) so A is Frobenius by Theorem 1.8. 
Recall that a finite dimensional k-algebra is called periodic if ΩnAe(A) ≃ A as A
e-modules, for
some n > 0. The smallest positive integer n giving the isomorphism is called the period of A.
The fact that periodic algebras are selfinjective was first stated by M. C. R. Butler. The following
theorem is a bit more general and can be found in [GSS03, Theorem 1.4].
Theorem 1.10. Let A be an indecomposable finite dimensional algebra over an algebraically closed
field k. Then the following are equivalent:
(1) There exists some n > 0 such that ΩnA(T )
∼= T for every simple module T in A -mod.
(2) There exists an algebra automorphism σ ∈ Aut(A) such that ΩnAe(A) ≃ σA and σ(ei) = ei
for a complete set of orthogonal idempotents {ei}I .
Moreover under the above equivalent conditions the algebra A is selfinjective.
Proof. We refer to Theorem 1.4 in [GSS03] for the proof of the equivalence between statements
(1) and (2). We recall here the argument showing that A is selfinjective.
Suppose that ΩnAe(A) ≃ σA1 for some n > 0 and let P
n−1 be the (n− 1)-th term of a bimodule
projective resolution of A. Since HomA(σA,A) ≃ AA as right A-modules and HomA(σA,A)
∗ ≃
σA⊗A A
∗ as left A-modules, we have the following isomorphisms of left A-modules:
A∗ ≃ HomA(σA,A)
∗ ≃ σA⊗A A
∗ ≃ ΩnAe(A) ⊗A A
∗ ≃ ΩnA(A
∗).
Therefore the injective module A∗ is isomorphic to a submodule of a projective module and
hence it is projective. It follows by definition that A is selfinjective. 
Since we will mainly be dealing with graded algebras we recall the following result from [Yu12].
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Lemma 1.11. [Yu12, Lemma 2.4] Leta A =
⊕p
i=0 Ai be a finite dimensional graded algebra with
A0 sempisimple and Ap 6= 0. Then the following are equivalent:
(1) A is Frobenius.
(2) dimk A0 = dimk Ap and if {x1, . . . , xn} is a basis of Ap, then the bilinear form (a, b) :=
(
∑
i x
∗
i ) (ab) is non-degenerate.
(3) A〈−p〉 ∼= A∗ in A -gr.
If A is Frobenius with Nakayama automorphism η then its enveloping algebra Ae is also Frobe-
nius (this holds more generally for every tensor product of Frobenius k-algebras) with Nakayama
automorphism η¯ = η ⊗ η−1 since Aop has Nakayama automorhism η−1.
Moreover, if A =
⊕p
i=0 is graded, A
e is also graded with
(Ae)i =
⊕
i=j+k
Aj ⊕Ak,
therefore Ae =
⊕2p
i=0 (A
e)i and (A
e)∗ ∼= (Ae)η¯〈−2p〉 by Lemma 1.11.
Lemma 1.12. Let A =
⊕p
i=0Ai be graded and Frobenius with Ap 6= 0 and Nakayama automor-
phism η. Then:
(1) HomA -gr(M,A) ∼= η(M
∗)〈p〉 for any M ∈ A -gr.
(2) HomAe -gr(A,A
e) ∼= ηA〈p〉.
Proof. The first statement is the graded version of [Kel08, Proposition B.0.8]:
HomA -gr(M,A) ∼= HomA -gr(M,A
∗∗) ∼= Homk(A
∗ ⊗M, k) ∼= (η−1M〈−p〉)
∗ ∼= η(M
∗)〈p〉.
To prove the second statement we use point (1) with Ae and A instead of A and M , keeping in
mind that (Ae)∗ ∼= (Ae)η⊗η−1 〈−2p〉:
HomAe -gr(A,A
e) ∼= η⊗η−1(A
∗)〈2p〉 ∼= η(A
∗)η−1 〈2p〉 ∼= ηA〈p〉.

For finite dimensional twisted derivation algebras the selfinjective property is equivalent to
exactness in some degrees of the associated complex W• (2). This fact was already known for
Jacobian algebras of quiver with potentials (see [HI11, Theorem 3.7]).
Theorem 1.13. Let A = Dϕ(ω, d−k) be a finite dimesional twisted derivation algebra with |ω| = d
and such that the associated complex W• (2) satisfies H0(W•) ∼= A and it is exact in degree one:
(5) 0→ A⊗Wd ⊗A
Dd−−→ · · ·
D2−−→ A⊗W1 ⊗A
D1−−→ A⊗W0 ⊗A→ 0.
Then the following are equivalent:
(1) A is selfinjective.
(2) The complex (5) is also exact at A⊗Wd−1 ⊗A.
If A is Frobenius and A =
⊕p
i=0Ap with Ap 6= 0 then KerDd
∼= ϕηA〈d + p〉 where η is a
Nakayama automorphism of A.
Proof. First note that under our assumption, applying − ⊗A S to the complex (5) we obtain a
complex of graded projective left A-modules that is exact in the first two positions, hence it gives
the beginning of a graded projective resolution for the module AS. Since A is finite dimensional,
it is selfinjective if and only if Ext1A -gr(S,A) = 0 and in turn this is equvalent to the exactness of
the following complex in degree one:
HomA -gr(A⊗W0, A)→ HomA -gr(A⊗W1, A)→ · · · → HomA -gr(A⊗Wd).
Since the S-bimodules are finitely generated we have isomorphisms:
HomA -gr(A⊗Wi, A) ∼=W
∗
i ⊗A
∼=Wd−i ⊗Aϕ〈−d〉
or any 0 ≤ i ≤ d, where the first isomorphism follows from [Yu12, Lemma 3.2] and the second by
the twisted selfduality of W• (Lemma 1.5). Hence A is selfinjective if and only if the complex
Wd ⊗Aϕ〈−d〉 →Wd−1 ⊗Aϕ〈−d〉 → · · · →W0 ⊗Aϕ〈−d〉
is exact at Wd−1 ⊗ Aϕ〈−d〉. Since ϕ is an automorphism, − ⊗A Aϕ is an autofunctor, therefore
the exactness of the above complex is equivalent to (2) by Lemma 1.7.
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Assume that A =
⊕p
i=0 Ap is Frobenius with Nakayama automorphism η and Ap 6= 0. Then
applying the functor HomAe(−, A
e) to the complex W• and using Lemma 1.5 and Lemma 1.12 we
get that the complex:
0→ ηA〈p〉 → A⊗Wd ⊗Aϕ〈−d〉 → · · · → A⊗W0 ⊗Aϕ〈−d〉 → Aϕ〈−d〉 → 0
is exact in the first and last two positions. Applying the autofunctor −⊗AAϕ−1 and the degree-shift
〈d〉 we get KerDd ∼= ϕηA〈d+ p〉 as claimed.

We also have the following fact about the exactness of the complex W•.
Corollary 1.14. Let A = Dϕ(ω, d − 2) be as in Theorem 1.13. If W
• is exact in degree i for
1 ≤ i ≤ n < d then W• is also exact in degree j for (n− d) ≤ i < d.
Proof. Under the hypotesis the algebraA is selfinjective so ExtiA(−, A) = 0 for any i > 0. Therefore
the claim is proved using the same argument of the proof of Theorem 1.13. 
Remark 1.15. A consequence of Corollary 1.14 is that ifW• is exact in position i for 0 < i ≤ d/2+1
then it is exact everywhere apart from position 0 and d.
1.4. Almost Koszul algebras. Let V be an S-S-bimodule, S semisimple, and let TS(V ) be the
tensor algebra of V over S. If R is a subspace of V ⊗ V , the algebra A = T (V )/〈R〉 is called a
quadratic algebra. For any quadratic algebra A its quadratic dual is defined as A! = T (V ∗)/〈R⊥〉
where R⊥ is the space orthogonal to R in V ∗ ⊗ V ∗. Note that the standard duality (−)∗ =
Homk(−, k) extends to a duality of S-S-bimodules, as explained at the beginning of Section 1.2.
The definition of almost Koszul algebra was first introduced by Brenner, Butler and King in
[BBK02, Definition 3.1].
Definition 1.16. A graded algebra A =
⊕
n≥0An with semisimple degree zero part A0 is called
left almost Koszul or (p, q)-Koszul if there exist two integers p, q > 0 such that
(1) Ai = 0 for all i > p,
(2) there is a graded exact complex of left A-modules:
0→W → Pq → Pq−1 → . . .→ P1 → P0 → A0 → 0
where Pi is projective and generated by its compnent of degree i for i = 0, . . . q and
W = Ap ⊗ (Pq)q.
If W = A0〈p+ q〉 then we say that A is left almost Koszul of periodic type.
Remark 1.17. We recall that under the assumptions of Definition 1.16, the algebra A is called (left)
Koszul if
. . .→ P1 → P0 → A0 → 0
is a graded projective resolution of A0 where each Pi is generated by its compnent of degree i.
By [BBK02, Prop. 3.4] any left almost Koszul algebra is also right almost Koszul. Moreover W
is always semisimple and concentrated in degree p+ q.
Remark 1.18. From now on, by almost Koszul algebra we will mean a (p, q)-algebra such that
p, q ≥ 2. Thanks to [BBK02, Prop. 3.7], this condition guarantees that A is a quadratic algebra
generated by A1 as a tensor algebra over A0.
As in the case of Koszul algebras, the almost Koszul property is equivalent to some conditions
on the Koszul complex of A. For any quadratic algebra A = T (V )/〈R〉 and i ≥ 0 we can define a
S-S-bimodule Ki ⊆ V ⊗i as follows:
K0 = S, K1 = V, Ki+1 = V ⊗Ki ∩Ki ⊗ V for all i > 1.
The two-sided Koszul complex of A is
· · · → A⊗Kn ⊗A→ · · · → A⊗K1 ⊗A→ A⊗K0 ⊗A→ 0,
with differentials given by the difference of the following two compositions:
A⊗Kn ⊗A→ AA1 ⊗K
n−1 ⊗A→ A⊗Kn−1 ⊗A,
A⊗Kn ⊗A→ A⊗Kn−1 ⊗A1A→ A⊗K
n−1 ⊗A,
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analogously to the differentials of the complex W• form Lemma 1.5. It is well known ([BGS96],
Remark after Definition 2.8.1) that (A!n)
∗ ∼= Kn ⊆ V ⊗n for n > 0. The following characterization
of Koszul algebra can be found for instance in [BG96, Proposition A.2].
Theorem 1.19. A is Koszul if and only if its two-sided Koszul complex is a projective resolution
of A as an Ae-module.
Forgetting the right (resp. left) A-module structure in the two-sided Koszul complex we obtain
the left (resp. right) Koszul complex of the algebra A:
· · · → A⊗Kn → · · · → A⊗K1 → A⊗K0 → 0.
The following lemma gives an important connection between the complexW• and the two-sided
Koszul complex of a quadratic derivetion algebra A = D(ω, |ω| − 2).
Lemma 1.20. Let A = D(ω, |ω|−2) be a quadratic ϕ-twisted derivation algebra. Then the complex
W• is a subcomplex of the two-sided Koszul complex of A.
Proof. This fact is proved in Lemma 6.5 and Remark 6.6 in [BSW10]. The crucial observation is
that in general we have inclusions (Wk)ϕ ⊆ (A
!
k)
∗ for 0 ≤ k ≤ |ω| with equality if A is Koszul. 
It follows from [BBK02, Prop. 3.9] that a graded algebra A is left (p, q)-Koszul if and only if
An = 0 for all n > p, K
m = 0 for all m > q and the only non-zero homology groups of the left
Koszul complex of A are A0 in degree zero and Ap ⊗K
q in degree p+ q.
Lemma 1.21. For any (p, q)-Koszul algebra A we have a graded exact sequence in A -gr:
0→ Ap ⊗A
!∗
q → A⊗A
!∗
q
dq
−→ A⊗A!∗q−1 → · · · → A⊗A
!∗
1
d1−→ A⊗A!∗0 → A0 → 0.
Proof. This is a consequence of Proposition 3.9 and Remark 3.10 in [BBK02]. See also [Yu12,
Lemma 2.2]. 
The following is a simple but interesting result on selfinjective almost Koszul algebras.
Theorem 1.22. Let A be a selfinjective (p, q)-Koszul algebra. Then Ap ⊗ A
!∗
q ≃ A0〈p + q〉 as
graded left A-modules. In particular A is of periodic type.
Proof. Let T be a simple A-module. Since A is selfinjective, Ωq+1A (T ) is a non-zero indecomposable
direct summand of the semisimple module W ≃ Ap ⊗A
!∗
q , by Lemma 1.21. Therefore Ω
q+1
A (T ) is
again a simple module and, since A0 is finite dimensional, Ω
q+1
A (−) induces a bijection on the set
of isomorphism classes of simple modules. Hence Ωq+1A (A0) ≃ Ap ⊗ A
!∗
q ≃ A0〈p+ q〉 in A -gr. 
Analogously to the classic Koszul setting, the quadratic dual of (quadratic) almost Koszul
algebras has an interesting homological description.
Proposition 1.23. If A is a left (p, q)-Koszul algebra with p, q ≥ 2, then A! is a left (q, p)-Koszul
algebra. Moreover A! ≃
⊕q
i=0 Ext
i
A(A0, A0).
Proof. The first and second statement are respectively Proposition 3.11 and Remark 3.12 of
[BBK02]. 
Proposition 1.24. Let A be a (p, q)-Koszul algebra with p, q ≥ 2. If A is Frobenius then both A
and A! are Frobenius and of periodic type.
Proof. By Theorem 1.22 A is of periodic type therefore by one implication of [Yu12, Prop. 3.3] A!
is also Frobenius and of periodic type. 
We also recall the following result that is Theorem 3.7 in [Yu12]. It is the analogous of [BSW10,
Theorem 6.8] in case of Frobenius algebras, establishing a conncetion between almost Koszul Frobe-
nius algebras and stably Calabi-Yau algebras. Note that, differently from the original statement,
we don’t need to require that A is (almost Koszul) of periodic type since this is a consequence of
Theorem 1.22.
Theorem 1.25 ([Yu12], Theorem 3.7). Let A =
⊕p
i=0Ai be a finite dimensional Frobenius algebra.
Then A is (p, q)-Koszul if and only if A is isomorphic to a derivation algebra Dϕ(ω, q − 2) for a
twisted superpotential ω of degree q such that the complex W• is exact everywhere apart from in
degree zero, where H0(W•) ∼= A and in degree q.
STABLY CALABI-YAU PROPERTIES OF DERIVATION QUOTIENT ALGEBRAS 11
Corollary 1.26. Under the assumptions of Theorem 1.27, if A is (p, q)-Koszul then Ωq+1Ae (A)
∼=
ϕηA〈p+ q〉 where ϕ is an automorphism such that A ∼= Dϕ(ω, q − 2).
Proof. This is an immediate consequence of Theorem 1.13. 
For Frobenius almost Koszul algebras the twisting automorphism ϕ can be described precisely
in terms of the Nakayama automorphism of the quadratic dual algebra A!. This was done in [Yu12,
Theorem 3.4].
Theorem 1.27 ([Yu12], Theorme 3.4). Let A be a Frobenius (p, q)-Koszul algebra and denote by
ξ be the graded automorphism defined on Ai as the multiplication with (−1)
i. Then Ωq+1Ae (A)
∼=
ξq+1β¯ηA〈p+ q〉 in A
e -gr.
2. Stably Calabi-Yau properties
In this section we recall some facts about Calabi-Yau triangulated (graded) categories. We refer
to [Boc08, Appendix A] and [VdB15] for a more detailed discussion.
Let (C,Σ) be a Hom-finite (k-linear) triangulated category. A triangulated autoequivalence
(S, α), where α : SΣ → ΣS is a natural isomorpism, is called a Serre functor if for any X,Y ∈ C
there is a natural isomorphism
tY,X : HomC(Y, SX)→ HomC(X,Y )
∗
making the following diagram commute:
HomC(ΣY, SΣX)
HomC(ΣY,αX)

tΣY,ΣX// HomC(ΣX,ΣY )
∗ Σ
∗
// HomC(X,Y )
∗
HomC(ΣY,ΣSX)
Σ−1 // HomC(Y, SX)
tY,X
// HomC(X,Y )
∗
The natural isomorphism t−,− identifies the Serre functor S up to natural isomorphism ([RV02,
Lemma I.1.3]). Moreover, if a Serre functor exists, it commutes with any autoequivalence of C: if
F : C → C is an autoequivalence, then FSF−1 is another Serre functor, hence isomorphic to S.
For any object X of C, setting X = Y in the isomoprhism above gives a distinguished function
TrX = tX,X(idX) : HomC(X, SX)→ k called the trace map. This defines a non-degenerate bilinear
pairing
HomC(X, SY )×HomC(Y,X)→ k
satisfying TrX(g ◦f) = TrY (S(f)◦g). In this case the natural isomorphism α : SΣ→ ΣS making S
into a triangulated functor of (C,Σ) is uniquely determined by the following formula (see [Boc08,
Appendix A, p.30], Theorem A.4.4):
TrX(Σ
−1(αX ◦ f)) = −TrΣX(f)
for any X ∈ C and f : ΣX → S(ΣX). Therefore for any distinguished triangle
X
f
−→ Y
g
−→ Z
h
−→ ΣX
the triangle
S(X)
S(f)
−−−→ S(Y )
S(g)
−−→ S(Z)
αX◦S(h)
−−−−−→ ΣS(X)
is also distinguished.
Definition 2.1. The category C is called weakly d-Calabi-Yau if it has a Serre functor S and d
is the smallest positive integer such that there is an isomorphism of functors S ≃ Σd (see [Kel08,
Section 2.6]). We say that C is strongly d-Calabi-Yau if there is an isomorphism of triangulated
functors (S, α) ≃ (Σd, (−1)d).
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2.1. Twisted stably Calabi-Yau algebras. In this section we want to give the definition of
twisted stably Calabi-Yau algebras and, analogously to what has been done in [BSW10] in the
twisted Calabi-Yau setting, interpret some results from [Yu12, Section 4] according to our definition.
As in [Yu12], in this section we consider ungraded Calabi-Yau properties.
Let A be a selfinjective algebra and A -mod the category of projectively stable A-modules (see
[ARS95, Ch. X]). The category A -mod is Hom-finite and triangulated with suspension functor
Σ = Ω−1A , where ΩA is the syzygy functor. Let ν be the Nakayama functor and τ the Auslander–
Reiten translation . If A is selfinjective we have that τ ≃ νΩ2A as endofunctors on A -mod ([ARS95,
Prop IV.3.7]). By the Auslander–Reiten formula we have the following isomorphisms:
HomA(X,Y ) ≃ Ext
1
A(Y, τX)
∗ ≃ HomA(Y,Ω
−1
A τX)
∗
which are natural in both X and Y . Therefore the functor Ω−1A τ satisfies the definition of Serre
functor for the triangulated category A -mod. Following [Yu12], we say that the algebra A is
stably Calabi-Yau if its stable category A -mod is weakly Calabi-Yau. Since τ ≃ νΩ2A, A is stably
Calabi-Yau if there is some integer d > 0 such that τ ≃ Ω−d+1A or equivalently ν ≃ Ω
−d−1
A as
functors.
Let φ : A → A be an algebra endomorphism of A and let φ∗ = φA ⊗A − : A -mod → A -mod
be the corresponding endofunctor sending a left A-module M to φ∗(M) = φM . Then φ
∗ is an
autofunctor if and only if φ is an automorphism. Moreover φ∗ preserves projective modules,
therefore it induces a functor on the stable module category A -mod that commutes with the
cosyzygy functor Ω−1A .
We give the following definition of twisted stably Calabi-Yau algebra (see also [RRZ17, Section
2.5] for a stronger definition in the case of triangulated multi-graded categories).
Definition 2.2. Let A be a selfinjective algebra and let φ : A→ A be an algebra automorphism.
We say that A is φ-twisted stably Calabi-Yau of dimension d if Ω−dA φ
∗ is a Serre functor for A -mod:
HomA(X,Y ) ≃ HomA(Y,Ω
−d
A φ
∗(X))∗ ≃ HomA(Y,Ω
−d
A (φX))
∗
Equivalently, if there is an isomorphism of functors
Ω−1A τ ≃ Ω
−d
A φ
∗
for some d > 0.
Remark 2.3. A conditions equivalent to Definition 2.2 is that there is an isomorphism of functors
τ ≃ Ω−d+1A φ
∗ or ν ≃ Ω−d−1A φ
∗.
Note that if φ = Id then A is stably Calabi-Yau in the classical sense so every stably Calabi-Yau
algebra is twisted stably Calabi-Yau. The following example shows that the converse is not always
true.
Example 2.4. Let A be the path algebra the following quiver:
3
❃
❃❃
❃❃
❃❃
❃
//❴❴❴❴❴❴ 4
❃
❃❃
❃❃
❃❃
❃
//❴❴❴❴❴❴ 3
//❴❴❴ 2
❃
❃❃
❃❃
❃❃
❃
@@        
//❴❴❴❴❴❴ 6
❃
❃❃
❃❃
❃❃
❃
@@        
❴❴❴
1
@@        
//❴❴❴❴❴❴ 5
@@        
//❴❴❴❴❴❴ 1
(with identification along the vertical dotted lines) modulo the ideal generated by commutativity
and zero-relations as indicated by the dashed arrows. The algebra A is Frobenius and an easy
computation shows that the Nakayama permutatin is ν(= ν−1) = (14)(26)(35). Therefore, denoted
with Si the left simple A-module generated by the idempotent ei, we have ν(Si) = A
∗⊗ASi = Sν(i)
for any i = 1, . . . , 6. On the other hand, the smallest integer l > 0 such that Ω−lA (Si) is again simple
is l = 3 and Ω−3A induces a permutation σ : S(A) → S(A) given by σ = (13)(45). Then there can
be no integer d > 0 such that Ω−d−1A ≃ ν. However, A is twisted stably Calabi-Yau with twist φ
∗
induced by the permutation φ = (15)(26)(34) since ν = (13)(45)◦ (15)(26)(34) = σ ◦φ that implies
ν ≃ Ω−3A φ
∗.
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Proposition 2.5. Let A be a basic, indecomposable, finite dimensional k-algebra. If there exists
an algebra automorphism σ ∈ Aut(A) and some integer n ≥ 0 such that Ωn+1Ae (A)
∼= σA as A-A-
bimodules then A is (Frobenius and) twisted stably Calabi-Yau with twist φ = ση−1, where η is a
Nakayama automorphism of A.
Proof. By Theorem 1.10 the algebra A is selfinjective and, since it is basic, it is also Frobenius.
Let η be a Nakayama automorphism for A, so that A∗ ∼= Aη. Then ν(M) = η−1A⊗A M ∼= η−1M
and Ωn+1A (M)
∼= σA ⊗A M ∼= σM for every non-projective left module M . Therefore for any
non-projective modules X,Y we have the following natural isomorphisms:
HomA(X,Y )
∼= HomA(Y,Ω
−1τ(X))∗
∼= HomA(Y,Ω
−1νΩ2(X))∗
∼= HomA(Y,Ω(η−1X))
∗
∼= HomA(Ω
n(Y ), ση−1X)
∗
∼= HomA(Y,Ω
−nσ∗ν(X))∗
where σ∗(−) = σA⊗A −. By uniqueness of the Serre functor for A -mod there is an isomorphism
Ω−nA σ
∗ν ∼= Ω−1τ so that A is the twisted stably Calabi-Yau with twist φ = ση−1 (up to inner
automorphisms). 
Remark 2.6. Note that another choice of Nakayama automorphism η′ = a−1ηa, a ∈ A, doesn’t
change the twisted Calabi-Yau dimension but gives another twist φ′ = ση′ that differs from φ by
an inner automorphism.
Corollary 2.7. Let A be a Frobenius (p, q)-Koszul algebra or equivalently A ∼= Dϕ(ω, q − 2) with
W• exact apart from in degrees 0 and d. Then A is twisted stably Calabi-Yau of dimension q with
respect to the twist ϕ = ξq+1β¯ up to inner automorphism, where β¯ is the automorphism induced
by the Nakayama automorphism β of A! and ξ acts as the multiplication by (−1)m on Am.
Proof. By Proposition 1.24 A! is also Frobenius and let β be a Nakayama automorphism for A!.
By Theorem 1.27 we have the following isomorphism of A-A-bimodules: Ωq+1Ae (A) ≃ ξq+1 β¯ηA.
Therefore by Proposition 2.5 A is twisted stably Calabi-Yau of dimension q + 1 and twist φ =
ξq+1β¯ηη−1 = ξq+1β¯. 
Let A be a (p, q)-Koszul algebra and define W = Aq ⊗ A
!∗
q , W0 = S and Wn = W
⊗n for any
n > 0. For any n ≥ 0 we have the following (graded) exact sequence:
0→Wn+1 → A⊗A
!∗
q ⊗Wn → A⊗A
!∗
q−1⊗Wn → . . .→ A⊗A
!∗
1 ⊗Wn → A⊗A
!∗
0 ⊗Wn →Wn → 0
with differentials as in Lemma 1.21. This complexes can the be spliced together to obtain a graded
projective resolution of S = A0 which is also minimal since each term A⊗A
!∗
i ⊗Wn is generated in
degree n(p+ q)+ i (see [Yu12, Remark 2.3]). This observation gives the following fact from [Yu12].
Lemma 2.8. Let A be a Frobenius (p, q)-Koszul algebra with p > 2. If A is stably Calabi-Yau of
dimension d then q + 1 divides d+ 1.
Proof. See [Yu12, Proposition 4.4]. 
Proposition 2.9. Let A be a Frobenius (p, q)-Koszul algebra with p > 2 and let η and β be
Nakayama automorphisms of A and A! respectively. Then A is stably Calabi-Yau if and only if
there exists a natural isomorphism (ξq+1β¯)∗ ∼= Ω−mA as functors in the stable module category, for
some integer m > 0. In this case q + 1 divides m.
Proof. By Corollary 2.7 A is twisted stably Calabi-Yau of dimension q with respect to the twist
ξq+1β¯, where β is the Nakayama automorphism of A! and β¯ is the automorphism of A induced by
β.
Suppose that there is a natural isomorphism (ξq+1β¯)∗ ∼= Ω−mA for some m > 0. Then we also
have the following natural isomorphism:
ν ∼= Ω
−q−1
A ◦ Ω
−m
A
∼= Ω
−q−1−m
A ,
therefore A is stably Calabi-Yau of dimension q + m. Applying Lemma 2.8 we have that q + 1
divides q +m+ 1 and so m = (k − 1)(q + 1) for some k > 0.
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Conversely assume that A is stably Calabi-Yau of dimension d, so that we have a natural
isomorphism ν ∼= Ω−d−1A . The by Lemma 2.8 there is some k > 0 such that d+1 = k(q+1). Since
A is also twisted stably Calabi-Yau we obtain the following natural isomorphism:
Ω
−(q+1)
A ◦ Ω
−(q+1)(k−1)
A
∼= Ω
−(q+1)
A ◦ (ξ
q+1β¯)∗.
Therefore, since ΩA is an autoequivalence on the stable module category we obtain the desired
isomorphism for m = (k − 1)(q + 1). 
3. Bimodule stably Calabi-Yau properties
In this section we recall the definition of graded bimodule stably Calabi-Yau algebras from
[AO14] ad we introduce a twisted version of such property. Analogously to the twisted case this
property implies that the stable category of Cohen-Macaulay (one-sided) modules is Calabi-Yau.
In particular we will study such properties for derivation algebras and for this pourpose we will
need two different graded structures on our algebras. Therefore we start this section introducing
these structures.
3.1. Z2-grading on derivation algebras. Assume that the semisimple algebra S is graded and
concentrated in degree 0 and assume also that V = ⊕i≥0Vi is a positively graded S-S-bimodule
with finite dimensional graded parts. Reacll that we denote by S -gr the category of left graded
S-modules with morphisms in degree zero. The iterated tensor products V ⊗j also inherit the
grading using distributivity of ⊗ and ⊕. Then the tensor algebra TS(V ) has a Z
2-grading:
TS(V ) =
⊕
i,j≥0
TS(V )i,j
in which the first part is the tensor grading and the second part is the grading obtained by the
natural grading on V ⊗j induced by the grading on V . We call this grading the V -grading. Under
the choice of a (degree-zero) trace function tr : S → k, the graded versions of the dualities
considered at the beginning of Subsection 1.2 are again naturally isomorphic. Moreover the dual
bimodule (V ∗)⊗j is negatively graded for any j ≥ 0.
Definition 3.1. We say that a superpotential ω in TS(V ) admits a cut if ω is homogeneous
of Z2-degree (d, 1) for some d > 0. That is, ω is homogeneous of degree d with respect to the
tensor grading (as in the classical Definition 1.1) and homogeneous of degree 1 with respect to the
V -grading.
Remark 3.2. Our notation takes inspiration from the classical setting of quiver with potential
([HI11]) where a potential is a linear combination of cycles in the quiver Q (up to cyclic permu-
tation) and a cut C is a set of arrows such that each cycle in Q contains precisely one arrow
α ∈ C.
The evaluation maps V ∗ ⊗ V → S and V ⊗ V ∗ → S defining the pairing [−] (recall the
construction from Section 1.2) are zero on components V ∗i ⊗Vj for i 6= j, therefore they are defined
only on the homogeneous components of degree zero V ∗i ⊗ Vi. The evaluation maps extend to a
graded pairing of degree zero on the tensor product (V ∗)⊗k ⊗ V ⊗l → V ⊗l−k and V ⊗l ⊗ (V ∗)⊗k →
V ⊗l−k, analogously to the ungraded case. Recall that we have the following maps:
∆ωk : (V
⊗k)∗ ⊗ Sϕ → V
⊗d−k, ∆ωk (f ⊗ s) = [fωs]
for any 0 ≤ k ≤ d.
Lemma 3.3. If ω is a superpotential admitting a cut then Wd−k = Im(∆
ω
k ) is a Z
2-graded subspace
of V ⊗d−k concentrated in V -degree 0 and 1.
Proof. Suppose that ω is homogenous of degree (d, 1). The maps
∆ωk : (V
⊗k)∗ ⊗ Sϕ → V
⊗d−k, ∆ωk (f ⊗ s) = [fωs]
are graded of degree (d, 1) hence the image Wd−k = Im(∆
ω
k ) is a Z
2-graded subspace of V ⊗d−k.
Moreover, since elements of Wd−k are obtained by evaluating k components of the linear terms of
ω, they are of V -degree at most 1. 
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Note that Wi is homogeneous of degree i with respect to the first grading but it is not homo-
geneous with respect to the V -grading in general. Nevertheless we have a well defined Z2-grading
on the derivation algebra A = Dϕ(ω, d− k) = TS(V )/〈Wk〉 for any graded automorphism ϕ, with
bigraded decomposition A =
⊕
i,j≥0 Ai,j .
Notation. From now on we will assume that ω admits a cut and w will consider this Z2-graded
structure on A.
Lemma 3.4. The complex W• associated to A is a complex of Z2-graded projective bimodules
A⊗Wi ⊗A which are generated in degree (i, 0) and (i, 1), with differentials in degree (0, 0).
Moreover there are graded isomorphisms (Wi)
∗ ∼= (Wd−i)ϕ〈−d,−1〉 inducing a graded duality of
A-bimodules HomAe -gr(A⊗Wi ⊗A,A
e) ∼= A⊗Wd−i ⊗Aϕ〈−d,−1〉 such that HomAe -gr(Di, A
e) =
Dd+1−i〈−d,−1〉.
Proof. The first statement is a consequence of Lemma 3.3.
The second statement is the graded version of Lemma 1.5 and the degree of the differentials
is clearly zero. The degree shift of 〈−d,−1〉 comes from the fact that the duality Φ : (Wi)
∗ ≃−→
(Wd−i)ϕ induced by the pairing
[ , ] : (Wd−i)
∗ ⊗ (Wi)
∗ → S, [f, g] := [(f ⊗ g)ω]
has degree |ω| = (d, 1) so it becomes an isomorphism in degree zero into the shifted module
(Wd−i)ϕ〈−d,−1〉. 
Proposition 3.5. Let A = Dϕ(ω, d− 2) be a Z
2-graded algebra such that the complex W• is exact
except in degree zero, where H0(W•) ∼= A, and in degree d. Let Λ be the V -degree zero subalgebra
of A. Then Λ is Koszul and gldimΛ ≤ d− 1.
Proof. By assumption we have the following Z2-graded exact complex
(6) A⊗Wd ⊗A
Dd−−→ · · ·
D2−−→ A⊗W1 ⊗A
D1−−→ A⊗W0 ⊗A→ A→ 0,
with differentials of degree (0, 0) and where the projective bimodules A ⊗Wi ⊗ A generated in
degree (i, 0) and (i, 1). In particular the bimodule A⊗Wd ⊗A is generated in degree (d, 1) since
Wd = 〈ω〉 and ω admits a cut. By Lemma 1.7, applying the functor −⊗ S to the complex (6) we
get an exact complex of Z2-graded left projective modules generated in degrees as before:
(7) A⊗Wd
dd−→ · · ·
d2−→ A⊗W1
d1−→ A→ S → 0.
To simplify the notation let Pi := A ⊗Wi. Since Λ is the V -degree zero subalgebra of A, the
V -degree zero part of Pi, that we denote by (Pi)0, is a projective left Λ-module and the degree zero
part of Λ with respect to the tensor degree coincides with S viewed as a Λ-module. Note moreover
that (Pd)0 = 0 since Pd = A⊗Wd is generated in V -degree 1. Then, taking the V -degree zero part
of complex (7), we get an exact sequence:
0→ (Pd−1)0 → · · · → (P2)0
d2−→ (P1)0
d1−→ (P0)0 → ΛS → 0,
of projective graded left Λ-modules (hence they are all concentrated in V -degree zero), each of
which is generated in tensor degree i and where the maps di are are morphisms in tensor degree
zero. This gives a graded projective resolution of the (tensor) degree zero subalgebra of Λ, ΛS, in
which each projective module (Pi)0 is generated in degree i and so Λ is Koszul of global dimension
at most d− 1. 
3.2. Graded Cohen-Macaulay modules. We recall the definitions and basic facts about Goren-
stein algebras and Cohen-Macaulay modules.
Definition 3.6. A finite dimensional algebra A is said to be Gorenstein it its injective dimension
inj. dimA and the projective dimension of its dual proj. dimA∗ are both finite. If this is the case
the natural number inj. dimA = proj. dimA∗ is called the Gorenstein dimension of A.
Definition 3.7. Let A be a finite dimensional algebra. The category of (maximal) Cohen-Macaulay
A-modules is the full subcategory of A -mod with objects:
CM(A) :=
{
M ∈ A -mod | ExtiA(X,A) = 0 for i > 0
}
.
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If A is a graded algebra we denote by
CM -gr(A) :=
{
M ∈ A -gr | ExtiA(X,A) = 0 for i > 0
}
the category of graded Cohen-Macaulay left A-modules.
The following result is a graded version of a well known result (see e.g. [Ric89]).
Theorem 3.8. If A is a graded Gorenstein algebra, then CM-gr(A) is a Frobenius category and
there is a triangle equivalence
Db(A -gr)/ perf(A -gr)
≃
−→ CM-gr(A).
Lemma 3.9. Let A be a graded Gorenstein algebra of dimension g and M ∈ A -gr. Then the
following hold:
(1) ΩgA(M) is Cohen-Macaulay.
(2) There exists a short exact sequance
0→ K → CMM →M → 0
such that proj. dimK <∞ and CMM ∈ CM-gr(A). The module CMM is called a “Cohen-
Macaulay replacement” of M and can be chosen to only have projective direct summands
that are generated in degree zero.
Proof. Statements number (1) and (2) are Lemmas 2.5 and 2.6 of [AO14] respectively (see also
Remark 2.7 in the same article). 
3.3. Bimodule stably Calabi-Yau algebras. In this section we prove some sufficient conditions
for a twisted quadratic derivation algebra A = D(ω, |ω| − 2) to be bimodule stably Calabi-Yau,
following the definition given by Amiot and Oppermann in [AO14].
Definition 3.10. An algebra A is called bimodule stably ϕ-twisted d-Calabi-Yau if there is an
isomorphism
RHomAe(A,A
e)[d+ 1] ∼= Aϕ in CM(A
e),
for some automorphism ϕ of A.
Assume A is a graded algebra. Then we say that A is bimodule stably ϕ-twisted d-Calabi-Yau
if there is an isomorphism
RHomAe(A,A
e)[d+ 1] ∼= Aϕ〈−p〉 in CM -gr(A
e),
for some natural number p called the Gorenstein parameter.
Proposition 3.11. Let A be a finite dimensional Gorenstein algebra. If A is bimodule stably
twisted d-Calabi-Yau then A is stably twisted d-Calabi-Yau.
Proof. This is the twisted version of Theorem 2.12 in [AO14] and the original proof applies in our
setting. We repeat the argument here for the convenience of the reader.
First of all we note that if A is Gorenstein then Ae is also Gorenstein and therefore it has finite
injective dimension. Moreover since we have the following bimodules isomorphisms:
HomAe(A, (A
e)∗) ∼= Homk(A⊗Ae A
e, k) ∼= A∗,
the complex RHomAe(A,A
e) is perfect. We can hence apply the first part of [Kel08, Lemma 4.1]
which says that there is a functorial isomorphism:
DHomDb(A -gr)(X,Y ) ∼= HomDb(A -gr)(RHomAe(A,A
e)⊗LA Y,X),
for any X,Y ∈ Db(A -gr).
It follows that the functor RHomAe(A,A
e)⊗LA− sends perfect complexes to perfect complexes
so by [Ami08, Proposition 4.3.1] the stable category of Cohen–Macaulay modules CM -gr(A) ∼=
Db(A -gr)/ perf(A -gr) has a Serre functor whose inverse is RHomAe(A,A
e)[1]⊗LA −.
For any X,Y ∈ CM-gr(A) there are functorial isomorphisms:
DHomA -gr(X,Y )
∼= HomA -gr(RHomAe(A,A
e)[1]⊗LA Y,X)
∼= HomA -gr(Aϕ[−d]⊗A Y,X)
∼= HomA -gr(Y, ϕ−1X [d])
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
Lemma 3.12. Let A be a graded algebra of Gorenstein dimension < d/2 with finite dimensional
homogeneous parts An, for any n ≥ 0. Then A is bimodule stably ϕ-twisted d-Calabi-Yau with
Gorenstein parameter p if and only if the following condition holds in CM-gr(Ae):
• HomAe
(
Ω
d+1
2
Ae A,A
e
)
∼= Ω
d+1
2
Ae (Aϕ)〈−p〉 if d is odd
• HomAe
(
Ω
d
2
+1
Ae A,A
e
)
∼= Ω
d
2
Ae(Aϕ)〈−p〉 if d is even.
Proof. We prove the statement for d odd, the even case following in the same way.
First note that since A has Gorenstein dimension < d/2 by Lemma 3.9 the modules ΩkAe(A) for
k ≥ d/2 are Cohen–Macaulay and for k > d/2 they are Cohen–Macaulay without projective direct
summands. We have the following isomorphisms:
RHomAe(A,A
e)[d+ 1] ∼= Aϕ〈−p〉 in CM -gr(A
e)
⇔RHomAe(A [−(d+ 1)/2] , A
e) ∼= Aϕ [−(d+ 1)/2] 〈−p〉 in CM -gr(A
e)
⇔HomAe
(
Ω
d+1
2
Ae (A), A
e
)
∼= Ω
d+1
2
Ae (Aϕ)〈−p〉 in CM -gr(A
e)
⇔HomAe
(
Ω
d+1
2
Ae (A), A
e
)
∼= Ω
d+1
2
Ae (Aϕ)〈−p〉 in CM -gr(A
e),
where we can consider the functor HomAe(−,−) instead of RHomAe(−,−) since the modules
Ω
d+1
2
Ae (Aϕ) and Ω
d+1
2
Ae (A) are Cohen–Macaulay and the last equivalence holds since both Ω
d+1
2
Ae (Aϕ)
and RHomAe(Ω
d+1
2
Ae (A), A
e) are Cohen–Macaulay without projective direct summands and under
our assumptions the category CM -gr(Ae) is Krull-Schmidt. 
We can now prove the following result which generalizes the argument used in Theorem 5.7 of
[AO14].
Theorem 3.13. Let A = Dϕ(ω, d − 2) be a Z
2-graded derivation algebra admitting cut, with
|ω| = (d, 1) and twist ϕ such that the associated complex W• is exact everywhere apart from
H0(W•) ∼= A and in position d. Suppose moreover that A is Gorenstein of dimension <
d
2
. Then
A is bimodule stably ϕ-twisted d-Calabi-Yau of Gorenstein parameter (d, 1).
Proof. We will prove the statement assuming d odd; the case for d even follows applying the same
argument. For the rest of the proof we will also denote (−)∨ = HomAe(−, A
e).
For any derivation algebra A as above we know from Lemma 3.4 that the associated bigraded
complex of bimodules W• is selfdual, i.e.
(A⊗Wi ⊗Aϕ)
∨ ∼= A⊗Wd−i ⊗Aϕ〈−d,−1〉 and (Di)
∨ = Dd−i+1〈−d,−1〉.
Moreover, since by assumption W• is exact apart in homological degrees 0 and d+ 1, it is the
beginning of a bimodule projective resolution of A and
Ω
d+1
2
Ae (A)
∼= ImD d+1
2
.
Then we have the following isomorphisms:
(
Ω
d+1
2
Ae (A)
)∨
∼=
(
ImD d+1
2
)∨
∼= Coker
((
CokerD d+1
2
)∨
→
(
A⊗W d−1
2
⊗A
)∨)
∼= Coker
((
Ker
(
D d+1
2
)∨)
→
(
A⊗W d−1
2
⊗ A
)∨)
∼= Coker
(
Ker
(
D d+1
2
〈−d,−1〉
))
→
(
A⊗W d−1
2
⊗Aϕ〈−d,−1〉
)
∼= ImD d+1
2
〈−d,−1〉 ∼= Ω
d+1
2
Ae (Aϕ)〈−d,−1〉.
Therefore A is bimodule stably ϕ-twisted d-Calabi-Yau by Lemma 3.12. 
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Remark 3.14. Note that if we forget the graded structure in Theorem 3.13 the rpoof is still true with
the only difference that A is bimodule stably Calabi-Yau as an ungraded algebra (recall Definition
3.10). Later on, in connection with preprojective algebras, we will be particularly interested in
the second component of the Gorenstein parameter, so it can also be useful to forget only the
tensor-graded structure on A.
3.4. Frobenius derivation algebras. We can apply Theorem 3.13 to study bimodule stably
Calabi-Yau properties of Frobenius almost Koszul algebras. Under the assumptions of Yu’s The-
orem 1.25 characterizing Frobenius almost Koszul algebras, the hypotesis of Theorem 3.13 are
satisfied and we get the following result about bimodule stably Calabi-Yau properties of derivation
algebras.
Theorem 3.15. Let A be a finite dimensional, Frobenius, (p, q)-Koszul algebra of periodic type,
say A ∼= Dξq+1β¯(ω, q − 2) where |ω| = q and twist determined up to inner automorphism. Then A
is bimodule stably ξq+1β¯-twisted Calabi-Yau of Gorenstein parameter q.
Proof. The algebra A is a twisted derivation algebra by Theorem 1.25 with twist ξq+1β¯ and for
which W• gives the first q terms of a bimodule projective resolution of A. It is moreover graded
with respect of the tensor grading therefore we can apply the single graded version of Theorem
3.13 and A is bimodule stably twisted Calabi-Yau of parameter q. 
4. Higher preprojective algebras coming from superpotentials
The aim of this section is to prove a partial converse of Theorem G (i.e. [GI19, Corollary 4.3]).
We want to show that any selfinjective (non-twisted) derivation algebra satisfying the assumptions
of Theorem 3.13 is isomorphic to the higher preprojective algebra of a Koszul, n-representation
finite algebra. Moreover this algebra is the degree-zero part of the derivation algebra with respect
to a certain grading making the derivation algebra stably bimodule Calabi-Yau of Gorenstein
parameter one.
4.1. Higher preprojective algebras. First of all let us recall the construction of higher prepro-
jective algebras. For any finite dimensional algebra A denote by
τ : A -mod→ A -mod and τ− : A -mod→ A -mod
the Auslander–Reiten translation and its inverse respectively. When A is hereditary then τ is an
endofuctor of the module category and τ−1 is left adjoint to τ . Iyama in [Iya07] generalized this
results for algebras with higher global dimension. Let d ≥ 1, the d-Auslander–Reiten translation
and its inverse are defined as
τd := τΩ
d−1 : A -mod→ A -mod and τ−1d := τ
−Ω−(d−1) : A -mod→ A -mod .
If gldimA ≤ d then τd and τ
−
d are the endofuctors:
τd = Ext
d
A(−, A)
∗ : A -mod→ A -mod and τ−1d = Ext
d(A∗,−) : A -mod→ A -mod .
From now on we will assume that gldimA = d and we will denote E := ExtdA(A
∗, A) ∼=
ExtdAe(A,A
e) ∼= ExtdAop(A
∗, A) ∈ Ae -mod (the bimodule isomoprhisms are proved for instance
in [GI19, Lemma 2.9]). The following description of τd and τ
−
d can be found in [GI19, Lemma 2.10]
(see also [IO13, Lemma 2.13]).
Proposition 4.1. If gldimA ≤ d we have the following isomorphisms of functors:
τd ∼= HomA(E,−) : A -mod→ A -mod and τ
−1
d
∼= E ⊗A − : A -mod→ A -mod .
In particular τ−1d is left adjoint to τd.
Definition 4.2 ([IO11]). Let A e a finite dimensional algebra of global dimension at most d. The
(d+ 1)-preprojective algebra of A is the tensor algebra of E over A:
Π = Πd+1(A) := TA(E).
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Note that being a tensor algebra, Π is naturally a graded algebra and we will refer to the grading
as the tensor grading. The ith part of the tensor grading is E⊗i ∼= HomA(A, τ
−i
d (A)). This grading
is in general coarser than the radical grading since A is not semisimple.
If we start assuming that the algebra A is graded (and this is the case for instance in the setting
of Theorem G), then this grading induces a graded structure on the A-A-bimodule E and, in turn,
on the tensor algebra Π = TA(E). Hence Π comes endowed two gradings and their total grading
coincides with the radical grading of Π (see [GI19, Subsection 3.4] for a detailed presentation).
Here we want to consider such a graded setting in the case of derivation algebras.
Before we can prove our result we need the following Theorem originally proved by Amiot and
Oppermann in [AO14].
Theorem 4.3 ([AO14], Theorem 4.8). Let Π be a finite dimesional selfinjective positively graded
algebra which is bimodule stably d-Calabi-Yau of Gorenstein parameter one. Then Λ = Π0 is a
(d− 1)-representation finite algebra and there is an isomorphism of graded algebras Π ∼= Πd(Λ).
Now we are ready to prove the main result of this section.
Theorem 4.4. Let A = D(ω, d−2) be a finite dimensional Z2-graded derivation algebra admitting
a cut such that |ω| = (d, 1) and such that W• is exact except in degree zero, where H0(W•) ∼= A,
and in degree d. Let Λ := (A)−,0 =
⊕
i≥0Ai,0 be the V -degree zero subalgebra of A. Then Λ is
Koszul, (d − 1)-representation finite and we have an isomorphism Πd(Λ) ∼= A of graded algebras
with respect to the V -grading on A.
Proof. First of all, since A is finite dimensional and with associated bimodule complex W• exact
except in the first and last degree, by Theorem 1.13 A is selfinjective. Then we can apply the
untwisted version of Theorem 3.13 to deduce that A is bimodule stably d-Calabi-Yau of Gorenstein
parameter (d, 1). Forgetting the tensor-grading we can see A as bimodule stably Calabi-Yau of
parameter one.
By Proposition 3.5 the V -degree zero subalgebra Λ =
⊕
i≥0Ai,0 is Koszul and gldimΛ ≤ d− 1.
Moreover by Teorem 4.3 Λ is (d− 1)-representation finite and A ∼= Πd(Λ) as a graded algebra with
respect to the V -grading. 
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